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Last Time

® Non-Parametric estimation of mixing distribution
® \We discretize G
* {1}, set of pointsin G
 {m}}<,: the probability of point j

® Sum over the points to get the full distribution of durations

f(t|x) = Z?TJ x f(t|x,v))

® The likelihood function we be a function of {1}/, and
{m;}/<, and we get ML estimates of each point and it's
probability.



Last Time

® Problem: can no longer log the likelihood function

® |ncreases computational burden

® In our case f(t|x,v;) was “simple” enough

® Solution: Expectation-Maximization Algorithm



General Latent Variable Problem

® x is an observed random variable

z is an unobserved (latent) variable

The joint probability is parameterized by € ©

p(x, z;0)

There are two sets of unknowns: z and 0

EM algorithm

® (Guess z, maximize w.r.t. 6

® Use the estimate of # to get a better guess for z



Simple Example: Gaussian Mixture Model

® \We observe data x = {xi,...x,} which are i.i.d. draws
® N(ji1,01) with probability 7
® N(pa,07) with probability 1 — 7

® We do not know which distribution each x; came from

® So we need to estimate 6 = {m, u1, pip, 01,02}



Simple Example: Gaussian Mixture Model

® The likelihood function, ¢(-) is the normal pdf

N

L(G;x) = H p(x;; 0)

= [T 700, 00) + (1= m)(x3 12, 02)

i=1

® The log-likelihood

L(0;x) = Y log[r(xi; p11, 01) + (1 = m)d(xi; p12, 2]

i=1

® Problem: can't distribute the log any further



Simple Example: Gaussian Mixture Model

e Solution: introduce a latent variable

{1 x; is a draw from N(uq,01)
Zi =

0 x;is a draw from N(uy,07)

where P(z; =1)=mn
® |f we observed z; then the likelihood is

N

L(0;x,z) = H[mb(x,-; pi, 01))7 (1 = m) (i pra, 02)] 7

i=1

L(0;x,2) =Y zilog[¢(xi; p11, 01)] + (1 — z)log[¢(x;: 12, 02)]

i=1

+ zilog(m) + (1 — z)log(1 — )



Simple Example: Gaussian Mixture Model

e EM Algorithm

1 Guess initial values, 6,

2 Expectations Step (E-Step)

- leen 00 eStImate 2, (we will see how to do this later)
— Construct L(#; x, 2)

3 Maximization Step (M-Step)
0, = argmaxL(0; x, 2)

4 Repeat 2-3 until |0Aj+1 - QAJ| <e



EM Algorithm: Why does it work?

e For any 0 guess, L£(0; x, 2) is a lower bound to L(0; x)
® The algorithm is repeated maximization of lower bounds
® Two caveats

® convergence is often slow

® converges to local max (initial guess matters!)



EM Algorithm: Why does it work?

L(0; x) = log P(x;0)

= log Z P(x, z;6)
= log Z P(z) (P(X—Z)Q))
> Z P(z /og( x (2)9)) e et

J/

£(9;X,Z)

® So L(0; x, z) is a lower bound for any choice of z



EM Algorithm: The best lower bound

( P
)
= " P(z)log (P(ﬁ(—i)e> + Z P(z)log P(x;0)
= —KL(P(2)||P(z|x;0)) + L(6; X)

® KL(P(z)||P(z|x;0)) is the Kullbeck-Leibler divergence

® KL(P(z)||P(z|x;6)) = 0 when P(z) = P(z|x; 6).



EM Algorithm

(E-Step) With QAJ- and compute the probabilities of z

P(x|z; 0;)P(z|0;)
>, Px|z:0;)P(z1d))

(M-Step) Maximize the lower-bound to get new estimate

: Aj)/0g<,/cj>((j|’—:£))>

Ojs1 = argmax » _ P(z|x; 6;)log[P(x|z; 0)P(z; 0)]

P(z|x; GAJ) =

HAjH = argmax Z P(z



EM Algorithm: Gaussian Mixture Model

e We observe {xi, ..., x, } that are i.i.d. draws from

® o(x;, p1,01) ~ N(py,01) with probability 7

® o(x;, p2,02) ~ N(p2,02) with probability 1 — 7
e If want to estimate 0 = {m, u1, ft2, 01,02}

® |ntroduce a latent variable

1 X is a draw from N(pu1,07)
Zi = :
0 x;is a draw from N(u2,02)

e Start with an initial guess § = {7, fi1, fip, 51,52}



EM Algorithm

(E-Step) With §; and compute the probabilities of z

P(x|z; 0;)P(z|0;)

P(z|x;0;) = - 10 a
2. P(x|z:0;)P(z]0;)

7AT¢(X,';/31,31)

P(z =1|x;0) = o6 n 61) + (L= )0, fia. 5)
P(ZZO‘X, é\) — (1_ﬁ)¢(Xi7ﬂ276-2)

To(x, 1, 61) + (1 — T)p(xi, fiz, 52)



EM Algorithm

(M-Step) Maximize the lower-bound to get new estimate

011 = argmax Z P(z|x; 8;)log[P(x|z; 0)P(z; 0)]

= argmax(P(z = 1|x; 0)log[rd(x;, 11, 01)]

+ P(z = 0|x; B)log (1 — m)¢(x, pi2, 0'2)])

(Check) |04 — ;| < e



Matlab Estimation

® using datab.csv

e File 1: SE5_main
® Part 1: estimate the Gaussian mixture model
® pick a ¢ as stopping criterion

® File 2: log_like_.GM.m
® inputs ?

® outputs ?



Matlab Estimation: Part 1 Answer

® init guess = [1,1,0,1,0.5]

Parameter Value  Estimate
41 5 4.9760
(0.0255)
o1 1.2 1.1859
(0.0177)
[42 0 0.0029
(0.0081)
09 1 1.0029
(0.0081)
s 0.2 0.1973

(0.0040)




EM Algorithm - Mixed Proportional Hazard Model

® From Last Time

f(tilxi; a, B, 1) = 1y exp(x]f)atd™te 11 &Pl AL

f(tilxi; a, B, 1v2) = vpexp(x]f)ate~te 2Pl AL

f(tilxi; a, B, vs) = o exp(x]f)atd ™ te 2 Pl AL

o 0={a,8,{yj},{m}}

® 1 is our latent variable “z"



EM Algorithm

(E-Step) With 6, = {&, 5, {9;}, {#;}} and compute the
probabilities of v

P(z|x; é’\J) — P(x|z; ej)AP(z‘QJ-)A
>, P(x|z:0;)P(z6))
N 2D 1BV A $8—1 o= exp(x! B) D
P(vilx; ) = Kk exp(x/B)ati e

S Pk exp(xf)at et tiDT



EM Algorithm

(M-Step) Maximize the lower-bound to get new estimate

0.1 = argmax > P(z|x;8;)log[P(x|z; 0)P(z; 0)]
j j

a— 1 —Vk exp(xl.’ﬁ)t;“]

= argmax Z P(vic|x; ;) log[mivi exp(xi3)at
k

(Check) |04 — ;| < e



Estimation Answer

® Estimates and Standard Errors

Parameter Estimate Standard Error

a 0.9675 0.0275
n 0.0574 0.0076
vy 0.2565 0.0354
v 0.7543 0.1310
™ 0.0523 0.0899
o 0.6649 1.1531
3 0.2827 0.4891
BFE 0.0629 0.0260
Beduc2 0.0044 0.1167
Beduc3 0.0277 0.1132

® | og-Likelihood Value

logl = —2.9267¢ + 04



